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Let K/k be a Galois extension of number fields and G its Galois group. By 
considering the class group of K as a G module we are able to make assertions 
about its structure once the class number is known. Applications are made to cyclic 
cubic fields and the 2-class group of cyclotomic fields. 
Let K/k be a Galois extension of number fields and G its Galois group. 
The class group of K, C,, is a G module. This fact can often be used to 
investigate the structure of C,. Sometimes one can completely determine the 
structure of C, by knowing only the class number h,. 
In this paper we will prove a number of theorems along these lines. In 
Section 1 we will consider the part of the class group consisting of elements 
whose order is prime to the order of G. In Section 2 we will assume G is a p- 
group and investigate C,(p), the p-primary part of C,. Finally, in Section 3 
we will apply our results to some interesting numerical examples: cyclic 
cubic number fields, and the 2-class group of cyclotomic fields. 
1 
Let G be a finite group and A a finite abelian group which is a G module. 
For H a subgroup of G we set N,, = CLEH h E Z[G], and AH the subgroup of 
A consisting of elements left fixed by H. For any set S we will denote its 
cardinality by IS]. 
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LEMMA 1. Zf (IA I, IHI) = 1 then A” =N,A. 
Proof Clearly N,A c AH. If aEAH then N,a=jHIa. Since IHI is 
relatively prime to IA 1 multiplication by I H I is an automorphism of A. The 
result follows. 
COROLLARY. AH = (0) if and only if N,A = (0). 
LEMMA 2. Suppose 1 GI = p’, p a prime, p.j’lA 1, and N,A = (0). Then 
IA I = l(P). 
Proof By the corollary to Lemma 1, AC = (0). Decompose A into G 
orbits. All the orbits have cardinality a power of p except for the orbit of 0 
which contains 0 alone. 
Now suppose IA I = I”, where 1 is a prime not equal to p. By the 
fundamental theorem of abelian groups 
where the integers ei are completely determined by A. We denote them by 
e,(A) and call them the invariants of A. 
PROPOSITION 1. Suppose G is a p-group, A an l-group, and N,A = (0). 
Let f be the order of 1 modulo p. Then f I e,(A) for all i. 
Proof: I’- ‘A/l’A is a vector space over Z/l of dimension 
ri=ej+ei+l + --- + e,. It suffices to show f I ri for all i. Clearly I’-‘A/VA is 
a G module annihilated by NC. By Lemma 2, 1” = 1 (p) and therefore f I ri as 
required. 
By an inductive argument we can generalize Proposition 1 as follows. 
PROPOSITION 2. Suppose G is a solvable group of order n, A an l-group, 
and l%n. Suppose further that N,A = (0). Let n = py’p;’ .s. py5 and let&. be 
the order of 1 modulo pi. Let f be the greatest common divisor of the&.. Then 
f I e,(A) for all i. 
Proof We proceed by induction on the order of G. If JGI is a prime the 
result follows from Proposition 1. If I GI is not prime let H be a proper 
normal subgroup. By Lemma 1, NH maps A onto AH = B. Let C be the 
kernel of N,,. Then A z B @ C. To see this, recall that multiplication by 
h = IH( is an automorphism of A. The map a + ((l/h)N,a, a - (l/h)N,a) is 
the required isomorphism. 
The hypotheses apply to the H module C and the G/H module B. The 
induction hypothesis and the direct sum decomposition of A complete the 
proof. 
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The following proposition generalizes a result announced by J. Masley in 
161. 
PROPOSITION 3. Let G be a group of order n, A an l-group, and ljn. 
Suppose AH = (0) for every non-trivial subgroup H of G. Let f be the order 
of I module 1 G(. Then f 1 e,(A) for all i. 
ProoJ: Decompose A into G-orbits. If a E A, a # 0, then ga = a implies 
g = e. Thus all the orbits have ] G] elements except the orbit of 0. It follows 
that IA 1 E 1 (] GI). The same reasoning applies to any G submodule of A. 
The method of proof of Proposition 1 now applies and the result follows. 
In this paper [6] Masley assumes G is cyclic. For abelian groups G the 
hypothesis of Proposition 3 can hold only if G is cyclic. This follows from 
the following proposition, which is due to Nehrkorn [8]. It was rediscovered 
by Frohlich [ 1 ] and used in special cases by Masley [6]. Our proof is a 
modified and shortened version of Frohlich’s. 
PROPOSITION 4. Let G be an abelian group and A an l-group with l%IGI. 
Then A=CA*, where H ranges over all subgroups of G such that G/H is 
cyclic. 
Proof: Since A is finite A is a sum of indecomposable G submodules. 
Assume A is indecomposable. Let m = 1” be the order of A. Then A is a 
/1= Z/m[G] module. Let /i, be the ideal generated by {g - 1 1 g E G} and 
/i , be the ideal generated by NG. Since (m, 1 G]) = 1 it is easy to see 
/i = /i, + A i , direct sum. 
We claim AC # (0) implies AG=A. Suppose Of a E AG. Then N,a= 
I G ] a # 0. However, A = n,+t + A ,A, direct sum. Since n ,A # (0) it follows 
that Ad = (0) since A is indecomposable. Thus g - 1 annihilates A for all 
g E G, i.e., AG = A. 
Let H s G be a subgroup. Let A; and Al, be the corresponding ideals in 
A’ = .Z/m[H]. S ince H is normal it is easy to see li&4 and A{A are G 
submodules of A. It follows as before that AH # (0) implies AH = A. 
We are reduced to proving the following assertion: if A is indecomposable 
there is an element a E A, a # 0, such that a is fixed by a subgroup H with 
G/H cyclic. 
Replacing A by ,A = {a E A ] la = 0) we can assume A is a Z/l[G] 
module. Since l,/‘I GI, Z/l[G] is a semisimple ring and so A is a sum of 
irreducible submodules. Thus. we can assume A is irreducible. 
By Schur’s lemma, End& is a division algebra over Z/l. Since G is 
abelian (this is the first place this hypothesis is used) the action of G on A 
gives rise to a homomorphism of G into Endd. The image is contained in a 
field and so is cyclic. Let H be the kernel. Then A = AH and G/H is cyclic. 
This completes the proof. 
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We now apply these results to number fields. Let K/k be a Galois 
extension of number fields with Galois group G of order n. Suppose Ijn is a 
prime and for any intermediate field E let A(E) be the l-primary part of the 
class group of E (written additively). 
LEMMA 3. Let A(E) + A(K) be the natural map (conorm) induced by 
extending divisors from E to K. This map is l-l. We identifv A(E) with its 
image in A(K).. Let HE G be a subgroup. Then A(K)H = A(KH). 
Proof. This is standard. For details see Chapter IV of [7 ]. 
We now restate Propositions 2, 3, and 4 in the context of number fields 
and class groups. 
THEOREM 1. Suppose G is solvable. Let n = py’p;’ -.a p$ and let f be the 
greatest common divisor of the orders of 1 module pj, j = 1,2,..., s. If 
A(k) = 0 then f divides the invariants e,(A(K)) for all i. 
COROLLARY 1. Under the hypotheses of the theorem IA(K)1 is a perfect 
fth power. 
COROLLARY 2. If A(K) contains an element of order 1” then lmfdivides 
I AWI. 
THEOREM 2. Suppose A(E) = (0) for all intermediate fields E # K. Let f 
be the order of 1 modulo 1 G I. Then f divides e,(A(K)) for all i. 
THEOREM 3. Suppose G is abelian. Then A(K) = CA(E), where E 
ranges over all intermediate fields cyclic over k. 
It is to be noted that FrGhlich and Nehrkom prove even stronger versions 
of Theorem 3. Also, Frlihlich has proven Corollary 1 to Theorem 1 in the 
special case where n is a prime power. 
A final remark. When n is even the number f in Theorem 1 is equal to 1. 
So if one doesn’t mind appealing to the renowned theorem of Feit and 
Thompson we can replace the hypothesis that G is solvable with the 
hypothesis that G has odd order. 
2 
In this section G will be a p-group operating on a finite abelian p-group A. 
We will give a new proof of a result due in essence to Inaba [4] and then 
extend this result in various ways.’ 
I In this paper “A note on the I-class Group of Number Fields” (Math. Comp. 29, NO. 132, 
Oct. 1975) Frank Oerth III obtained results which overlap with some of those contained in 
this section. 
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For a finite abelian p-group B we will denote by rk B the number of cyclic 
summands of B. This number is the dimension over Z/p of either dj, or 
Bl PB. 
PROPOSITION 5 (Inaba). Let G be a cyclic group of order p and assume 
NJ = (0). If A has an element of order p2 then 
rkA>p-2+rkAG. 
Proof: A is module over Z[G]/N,Z[G]. If G is generated by g this ring 
is isomorphic to 4 = Z[&,] under the map which takes g to &, (here &, is a 
primitive pth root of unity). Since A is a p-group and (p) = (1 - &j’-’ in 0 
we see A is a primary module for the maximal ideal 9 = (1 - C,,) in 8. By 
the structure theorem for modules over Dedekind domains we have 
(a) A z @i= 1 @/Yai, 
(b) A/pA z Of=, 8/Ybi, where b, = min(a,, p - l), 
(c) A/(g - 1)A z @;=, e/9’. 
Since 8/.9x Z/p we see rk A/(1 - g)A = s. It is well known that 
A/(1 - g)A z AG. Thus rkAG = s. 
Now @/Ya is an elementary p-group if a & p - 1. Thus if A contains an 
element of order p2 at least one of the ai is greater than p - 1. Suppose this 
is true for a,. Then b,=p- 1 and 
Taking p-ranks we see 
rkA>p-l+s-l=p-2+rkAG. 
COROLLARY. If NoA = (0) and p is odd then A cannot be cyclic of order 
p”forma2. 
ProoJ: If p is odd p - 2 > 1. Also AG # (0) since a p-group operating on 
a p-group always has non-trivial fixed points. Thus the presence of an 
element of order p2 implies rkA > 2. 
For a p-primary abelian group A let p,(A) be the number of cyclic 
summands of order divisible by pm+‘. For example pO(A) = rkA. The 
existence of an element of order p2 is equivalent to p,(A) 2 1. The following 
two propositions generalize Proposition 5. 
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PROPOSITION 6. Suppose G is cyclic of order p and NoA = (0). Suppose 
p,(A)>r(p- l)+ 1. Then 
rkA > (r + l)(p - 2) + rkAG. 
Moreover rkAG 2 r +hl so we also have rkA > (r + l)(p - 1). 
Proof: In the notation used in the proof of Proposition 5 we claim at 
least r + 1 of the ai are greater than p - 1. To see this we note that 8/Y’” is 
an elementary p-group if a < p - 1 and in any case its p-rank is < p - 1, 
the Z-rank of 0. 
Suppose a,, a,,..., a,, 1 areall>p-l.Thenb,=b,=...=b,+,=p-1. 
Thus 
rkA>(r+ l)(p- l)+s-r- 1, 
= (r + l)(p - 2) + s, 
= (r + l)(p - 2) + rkAG. 
To see that rkAG 2 r + 1 note that there is a contribution of 1 to 
rkA/(g - 1)A from each of the first r + 1 summands. Thus r + 1 < 
rkA/(g - 1)A = rkAG. 
COROLLARY. Zf NoA = (0) and p is odd then A cannot consist of the sum 
of p summands each cyclic of order divisible by p2. 
Proof: If A had the form described in the corollary, then p,(A) = p = 
(p- 1) t 1. Th us rkA > 2(p - l), which is greater than p if p > 3. 
PROPOSITION 7. Suppose G is cyclic of order p and NoA = (0). rf 
p,(A)>r(p- 1) t 1 then 
P,-,(A) > (r + l)(p - 1). 
Proof. It is easy to see that pl(pm-lA) = p,(A). If p,(A) > r(p - 1) t 1 
then by Proposition 6 we see rk(pm-‘A) > (r + l)(p - 1). However, 
rk(pmelA) =p,-,(A). 
COROLLARY. Zf NoA = (0) and A contains an element of order pm + ’ then 
o,,-,(A) > p - 1 and so IA 1 is divisible by P”‘(~-‘). 
Applying these results to number fields we arrive at the following theorem. 
THEOREM 4. Suppose K/k is a cyclic extension of number fields of prime 
degree p. Assume p j h,. Let C,(p) be the p-primary component of C,. 
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(a) rf P,(~,(P>) 2 r(p - 1) + 1 then rk C,(p) > (I + l)(p - 2) + 
rk C;. 
(b) rf P,(~,(P)) > r(~ - 1) t 1, where m 2 1, then p,-,(C,(p)) 2 
(r+ l)(P- 1). 
In our final theorem we treat the case where the Galois group is an 
abelian p-group not necessarily cyclic. Here we need more arithmetic 
methods and so the result is not purely “module-theoretic.” 
THEOREM 5. Let K/k be a Galois extension of number field with Galois 
group G an abelian p-group of order pm. Suppose p% hk. If C, has an element 
of order p” + ’ then rk C,(p) > p - 1. 
Proof. We proceed by induction on m. If m = 1 the result follows from 
Theorem 4 (take r = 0). Suppose m > 1. The extension K/k cannot be 
unramified since if it were it would be contained in the Hilbert class field of 
k and thus pm would divide h,. Let 9 be a prime of K ramified over k, and 
let r(9) be its ramification group. Choose a subgroup H of i’(9) which is 
cyclic of order p. Set K, = Kn. Then K/K,, is totally ramified at 3 and is 
cyclic of degree p. By a standard argument using Hilbert class fields one 
proves that CKO is a homomorphic image of C,. If CKO contains an element 
of order pm it follows by induction that rkC,Jp) > p - 1 and so 
rk C,(p) >p - 1. If CKO does not contain an element of order pm then 
A = GWGo(d contains an element of order p2 (here i denotes the 
conorm map). Since NH annihilates A we can apply Proposition 5 and we 
find rkC,(p) > rkA > p - 1. 
COROLLARY. Suppose K/k satisfies the hypotheses of the theorem and 
that p is odd. Then Ck(p) cannot be cyclic. 
We conclude this section by showing that the above corollary is best 
possible. More specifically we construct examples of extensions K/Q, cyclic 
of degree pm, such that C,(p) is cyclic of order pm. 
Choose primes q, and q2 such that q1 = 1 (p”), q2 = l(p”‘), and q2 is 
congruent to a primitive root modulo ql. Let Kt be the subfield of Q(&,) of 
degree p” for i = 1,2. Ki is totally ramified at qt and is unramified elsewhere. 
Moreover, since q2 is congruent to a primitive root module q, it follows that 
q2 remains prime in K, . 
Let L = K,K, and let Ti be the ramification group of qi in L/Q (this is 
well defined since L/K is abelian). T, and T2 are cyclic of order p” and 
G(L/Q) = T,T, (direct product). It is easy to see there is a cyclic subgroup 
T of G(L/Q) such that (TJ = pm and Tn T, = Tn T, = (e). Let K be the 
fixed field of T. We claim (i) G(K/Q) is cyclic of order pm, (ii) L/K is 
unramified, and (iii) p]h,. Once these properties are established it follows 
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from class field theory that G(L/K) z C,(p) and so K is an example of the 
type of field we are looking for. Properties (i) and (ii) are easy to establish. 
As for (iii) we need the following theorem of Iwasawa [S]. 
THEOREM. Let E/F be a Galois extension of number fields. Suppose 
[E : F] = pm, p a prime, and that EjK is ramfled at one prime and totally 
ramified at that prime. Then p [ h, if and only ifp / h,. 
It follows immediately from this that pj’h,,. Consider L/K,. This 
extension is ramified only at primes above q2. However, we have constructed 
q2 so that it remains prime in K, . Applying Iwasawa’s theorem to LjK, 
implies pt h, , which is what we wanted to prove. 
3 
We will illustrate the usefulness of our results by first considering cyclic 
extensions of Q of degree 3 and then cyclotomic fields. 
In [2] Gras has given extensive tables of class numbers of cubic cyclic 
extensions of Q including all such fields whose conductors are less than 
4000, and in other cases fields with conductors up to 20,000. We find that 
with a few exceptions we can determine the structure of the class groups of 
these fields. 
To determine the structure of the class group it suffices to consider the p- 
primary components of the class group for various primes p dividing the 
class number. Of course if the p-primary component has order p then it is 
cyclic. Thus it is only necessary to consider primes p such that p* divides the 
class number. Looking over Gras’ tables we find the only such primes which 
occur are 2, 3, 5, and 7. The powers of these primes which occur (to powers 
greater than 1) are 22, 24, 26, 32, 33, 34, 52, and 72. 
To discuss the various powers of 2 we apply Theorem 1. Here n = 3,i = 2, 
and sof = 2. All the 2-invariants are divisible by 2. For 22 the only possible 
structure is (Z/2)2, for 24 the possible structures are (Z/2)4 and (Z/4)2, and 
for 26 the possible structures are (Z/2)6 or (Z/2)2 0 (Z/4)2 or (Z/8)2. 
However, on Gras’ tables only eight class numbers are divisible by i4 and 
only one by 26. We note in passing that no odd power of 2 can occur since 
Z/2 must appear an even number of times in any decomposition. 
To discuss the powers of 3 we use Theorem 4. An element of order 9 = 32 
implies the 3-rank is at least 2 and so the class number is divisible by 27. 
Thus the only structure possible for 32 is (Z/3)2. For 33 there are two 
possible structures, Z/9 @Z/3 and (Z/3)3. It is possible to distinguish 
between these possibilities by invoking the well-known fact that the rank of 
the ambiguous classes (AG) is one less than the number of ramified primes. If 
two primes ramify, then in the notation of Proposition 5, C,(3) z e/Y” z 
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Z/9 @ Z/3. If three primes ramify, C,(3) w  e/Y’ 0 0I-p =: (Z/3)‘. Since 
Gras includes the number of ramified primes on her tables we can ‘check 
these possibilities and find that both occur. The power 34 occurs only twice 
each time with fields having three ramified primes. Thus the 3-rank is at least 
2 and at least 3 if there is an element of order 9. There are two possible 
structures (Z/3)4 and Z/9 @ Z/3 @Z/3 but we are unable to distinguish 
between them. 
For I = 5 and n = 3 we find, as in Theorem 1, f = 2. All the 5-invariants 
are even. The number 5’ occurs only once and the corresponding structure is 
(z/5)*. 
The sole remaining power is 7*. Since 7 = 1 (3) our methods give no infor- 
mation. However, 7* occurs only four times. 
As examples of class numbers which occur and for which the class group 
is determined by the above considerations we give the following small table. 
hIi 
12 .Z/2 @ Z/6 
36 Z/6 @ Z/6 
84 Z/2 @ Z/42 
100 z/lo@z/lo 
108 Z/3 0 Z/6 0 Z/6 
117 z/3 0 z/39 
228 Z/202/114 
We remark that 108 = 4 x 27 occurs twice and each time there are three 
ramified primes. 
We now turn our attention to cyclotomic fields and concentrate on the two 
class group. For proofs of the following facts about cyclotomic fields we 
refer the reader to Hasse’s monograph [ 3 1. 
Let p be an odd prime and K = Q(&,). Let C be its class group and h its 
class number. Let K, be the maximal real subfield of K, C, its class group, 
and h, its class number. Let i be the map from C, to C induced by extension 
of divisors and N be the map from C to C, induced by norm. Then i is l-l 
and N is onto. Let C* c C be the kernel of N and h* = ] C*]. Then clearly 
h = h,h*. The number h* is called the relative class number. By means of 
the analytic class number formula, h* is relatively easy to compute. On the 
other hand h, is intractable since one needs to know the basic units in K, in 
order to apply the analytic class number formula directly. Nevertheless, 
using our methods, we will be able to say something about the structure of 
C,(2) in a few cases. 
Note that N 0 i is just the map from C, to C, given by squaring. Thus the 
elements of order 2 in C, are mapped l-l into the kernel of ZV, i.e., C*. Thus 
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2 j h, implies 2 ( h*. This theorem, that 2 [ h* if 2 ] h, is due to E. Kummer. 
Note that our proof shows that the 2-rank of C, is Q the 2-rank of C*. 
Consulting the impressive tables of Schrutka v. Rechtenstamm [9] we see 
there are five primes less than 260 with h* even. These are 29, 113, 163, 
197, and 239. 
The results of Section 2 cannot be applied directly ot the extension K/Q 
since its degree is even. Let E be the maximal 2-extension of Q in K. Using 
the proof of Iwasawa’s theorem and the fact that every proper extension of Q 
ramifies at some finite prime we see 2 does not divide the class number of E. 
We can now apply Theorem 1 to the extension K/E. 
For example, if p = 29, [K : Q] = 28, and [K : E] = 7. The order of 2 
modulo 7 is 3 and so all the 2-invariants of C are divisible by 3. Continuing 
in this way and using the information in ]9] we have the following table. 
1. 
2. 
3. 
4. 
5. 
Prime Power of 2 dividing h* f 
29 23 3 
113 23 3 
163 22 2 
197 23 3 
239 26 1 
Since C*(2) is easily seen to be a G(K/E) module we can apply 
Proposition 2 to this situation and conclude that C*(2) is an elementary 2- 
group of rank 3, 3, 2, and 3 for p = 29, 113, 163, and 197, respectively. 
Let E, = En K,. Then G(K/E) z G(K,/E,) and C,(2) is a G(KJE,) 
module. Applying the same reasoning as above we find the invariants of 
C,(2) are divisible by the number f on the table. 
Putting together all the information we see that in the first four cases 
C,(2) is either trivial or isomorphic to the sum off copies of Z/2” for 
appropriate m > 1. Masley has pointed out that h, = 1 for p = 29. 
In the fifth case, p = 239, we havef= 1 and so it seems that not much can 
be said. However, we can say something. Note ]K :Q] = 238 = 2 x 7 X 17. 
Let F, c K, be such that [F, : Q] = 17. Then [K, : F,] = 7. 
If 2 ] hFo then the 2-rank of CFO would be at least 8 since 8 is the order of 2 
modulo 17. This would imply the ‘L-rank of C, would be at least 8 (since 
(2,7) = 1). This is impossible since ] C*(2)] = 26 and rkC,(2) 4 rkC*(2). 
Thus 2,j’hF0 and applying our arguments to the extension K,/F, we see the 
invariants of C,(2) are divisible by 3. Since the 2-rank of C*(2) is at most 6, 
the possible structure of C,,(2) is considerably limited. 
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